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We propose a lattice boson model where a fully covariant Euclidean quantum gravity emerges
at low energies. Two phases are obtained, that is, a ‘gravitational Coulomb phase’ with massless
graviton and a ‘gravitational Higgs phase’ with massive graviton.
Gauge theory and general relativity are the two ma-
jor pillars of modern physics. Gauge theory explains the
strong and electro-weak forces and general relativity, the
gravitational force. Both theories are based on the prin-
ciple of local symmetry, that is, the gauge symmetry and
the general covariance. These symmetries protect the
massless excitations (photon and graviton) from acquir-
ing a gap by radiative corrections. Given the significant
role played by the gauge symmetry and general covari-
ance, it would be interesting to search for the origin of
the symmetries.
It has been realized that gauge symmetry can be emer-
gent at low energy although a microscopic theory does
not have the gauge symmetry[1]. The possibility of the
emergent gauge theory has been extensively studied in
strongly correlated electron systems as an attempt to find
a new state of matter[2, 3, 4, 5, 6, 7]. There also exist
exactly solvable spin models[8, 9] and dimer model[10]
whose low energy physics is described by gauge theory.
The N = 1 supersymmetric Yang-Mills theory with fun-
damental matter fields is another example where a new
gauge theory can emerge at low energy in the confining
regime of the original microscopic gauge theory[11]. Al-
though the search for a concrete experimental realization
is still underway[12], there is no doubt that gauge sym-
metry can, in principle, be emergent. As a next step,
one may ask whether the general relativity can be also
emergent.
Several models have been studied for the emergent
gravity. Earlier, Sakharov proposed that classical gravity
can naturally emerge if one considers a quantum field the-
ory on a classical Riemannian manifold without assuming
the dynamics of the geometry[13]. In analogue gravity
models[14, 15, 16], distortions of some background me-
dia play the role of metric on which particles move as if
they are in a curved space-time. In these approaches, the
quantum dynamics of gravity is rather obscure because
metric is treated as a classical background or it arises
only in the long distance limit. Recently, lattice boson
models have been constructed where the metric has a
well defined quantum degree of freedom[17, 18]. One of
the model[18] realizes the emergent gravity in the linear
level in the sense that graviton emerges as a low energy
degree of freedom. Emergence of gravitons and mass-
less excitations with higher spins have been also studied
in a 4 + 1D quantum hall state[19]. The present work
concerns a local boson model where the fully covariant
quantum gravity emerges beyond the linear level.
Before beginning the discussion about gravity, we
briefly review two different ways of obtaining emergent
gauge theory in condensed matter systems. For sim-
plicity, we focus on the U(1) gauge theory. In the first
approach[20, 21], one starts with a lattice model which
has d massless bosonic modes (vector-like bosons) in d
space dimension. As one turns on an interaction which
gives an energy gap to the longitudinal mode, only d− 1
transverse gapless modes survive at low energy. These
low energy modes are described by the U(1) gauge theory.
Here the gauge symmetry is not exact as far as the energy
gap of the longitudinal mode is finite. The key is that the
symmetry breaking terms are suppressed (irrelevant) at
low energy and the genuine gauge theory emerges in the
low energy limit. The second approach is the so called
‘slave-particle’ theory[3, 4, 5, 6, 7]. In this approach,
there is no microscopic degree of freedom which is to be-
come gauge field at low energy. The microscopic degrees
of freedom consist of only ‘gauge neutral’ particles. The
gauge structure arises when one decomposes the micro-
scopic particle into multiple slave-particles (partons) in
order to solve dynamical constraints imposed by strong
interactions present in the microscopic model. Because
one starts with the gauge neutral particle, the slave-
particles are not ‘free’ but they are coupled to a gauge
field with an infinite gauge coupling. Here the gauge field
is an auxiliary field which ensures that the slave-particles
do not escape from the original particle. In this approach
the gauge symmetry is an exact symmetry unlike the for-
mer approach. The nontrivial issue is whether the theory
can flow to a weakly coupled gauge theory as the gauge
coupling is renormalized to a finite value at low energy by
screening. If this happens, the slave-particles are effec-
tively ‘liberated’ and a massless photon emerges instead
of the confining gauge field. This phenomenon dubbed
as fractionalization is possible although the microscopic
slave-particles are always confined within the gauge neu-
tral particle[22].
One can hope that the similar strategies developed
for the emergent gauge theory can be applied to grav-
ity. Indeed, the first approach described in the previous
paragraph has been adopted to construct a lattice model
which shows the emergent gravity[18]. In this model, one
starts with a lattice model with 6 bosonic modes and
2gaps out 4 of them dynamically to obtain 2 gravitons
in the low energy limit. Like the emergent gauge the-
ory, the general covariance is approximate but the low
energy theory flows to a theory which has covariance in
the linear level . However, it is not easy to go beyond
the linear gravity and couple matter field to gravity in
a covariant way. This is because the gravitational cou-
pling itself is a strongly irrelevant coupling unlike gauge
coupling and there is no principle to keep non-covariant
terms which have the same irrelevancy as the covariant
coupling from being generated at low energy. Therefore,
it may be worthwhile to apply the alternative approach
which respects the local symmetry exactly. In this pa-
per, we will consider a lattice boson model where the fully
covariant gravity emerges at low energy through a mech-
anism analogous to the slave-particle theory for emergent
gauge theory.
Consider a 4D Euclidean hyper-cubic lattice which can
be regarded as 3D spatial lattice and one discrete imagi-
nary time. On each lattice point i, N real fields φAi with
A = 1, 2, ..., N are defined. One can think of a config-
uration of the lattice fields as a 4D discrete membrane
embedded in the N -dimensional space of {φA} which we
will refer to as target space. The lattice field φAi is a map-
ping from the lattice to the target space. We consider an
action which depends only on the geometry of the mem-
brane in the target space. In defining such geometrical
action, it is convenient to divide each unit cell into 4-
simplices as in Regge calculus[23]. In 4D, a hypercubic
unit cell is divided into 24 pentachorons (4-simplices)[24].





Here s is the index for the 4-simplices and Vs, the vol-
ume of simplex s in the target space. In order for Vs to
be nonzero, we assume N ≥ 4. f(x) is a function to be
specified below. If f(x) = x, this is just the world vol-
ume action of membrane. Here the discrete membrane
has an explicit cut-off and the quantum dynamics is well
defined. This action is similar to the Berry phase action
in the sense that it depends only on the geometry in the
target space. However, it is not clear how this action can
be realized in a condensed matter system. Here we will
consider this model as a theoretical toy model to study
the matter of principle for emergent gravity.
Now we introduce a coordinate system for the 4D
hyper-cubic lattice. We assign a set of coordinates to
vertices of the hyper-cubic lattice, xµi (µ = 1, 2, 3, 4) such
that the orientation of each hyper-cube in the coordinate
space is identical to the one in the original lattice. Then
we can think of the boson fields as being defined on the
coordinate space. Although φA(x) is defined only at the
discrete points x = xi, we can extend the definition to
the whole coordinate space by linearly interpolating the
values at the corners of each simplex to the interior of
simplex. There exists a unique linear extension. The co-
ordinate space, target space and linear extension of the
boson fields are depicted in Fig. 1 for 2D with N = 3.
The generalization to 4D with larger N is straightfor-
ward although it is hard to visualize. Then one can
rewrite the action Eq. (1) using φA(x). Since the action
depends only on the geometry of the membrane in the
target space, the theory written in different coordinate
systems should have a same form (covariance).
Using the extended boson field on the coordinate space,
we can express the volume of simplex in the target space
as Vs = vs
√
hs, where vs =
∫
s
d4x is the volume of sim-
plex s in the coordinate space and hs is the determinant




∂xν , where repeated
indices are summed. Note that Hs,µν is constant inside
each simplex because φA(x) is peacewise-linear. Then










In general, this theory is difficulty to analyze because
the action is highly nonlinear as a function of the funda-
mental degrees of freedom φA. Therefore it is desirable to
introduce auxiliary variables to transform the action into
a form which include a quadratic action of the fundamen-
tal field variables. Envisioning a simple action after such
transformation we consider the following form of f(x),










Here E is a 4×4 real matrix and the integration is over all
16 components of E. G = EET is a symmetric matrix,
G
−1, the inverse ofG and g, the determinant ofG. g ≥ 0
because eigenvalues of G are always non-negative. α, β
and γ are constants with β, γ > 0. Physical meanings
of E and G will become clear later, but at this stage
we regard them just as auxiliary fields used for defining
action. Although it is difficult to write down an explicit
form of f(x), it can be easily checked that f(x) is a well
defined function of x for x ≥ 0. For α > 0, f(x) is a
monotonically increasing function of x and for α < 0,
there is a minimum at finite x. One may think that the
choice of the functional form of f(x) is too special for our
analysis to be applicable for general action. However, the
specific form of f(x) is not important. For more general
f(x) one can systematically add higher order terms of
x1/2G−1 in the exponent of the right hand side of Eq.
(3)[25]. But the higher order terms are not important in
the low energy dynamics as will be shown below.
We perform a ‘generalized Hubbard-Stratonovich
transformation’, that is, to rewrite the partition function
of e−f(vs
√
hs) using the right hand side of Eq.(3). In this
transformation, 16 auxiliary fields Es are introduced in
each simplex. Introducing a symmetric matrix Cs which
satisfies Hs = C
2









s, where Λ is a constant with di-
mension 4 which ensure that E
′
s has the dimension 0 as
































































































written in component form. In the following discussions,
we will drop the ′ sign. This is the partition function of
N scalar fields coupled to gravity with a positive cos-
mological constant Λ. The auxiliary field Eµa corre-
sponds to the tetrad and Gµν , the metric. Since there
is no curvature term for the metric field, the bare grav-
itational coupling constant is infinite just like the slave-
particle theory. However, as we go to a long distance
scale the short distance fluctuations of the matter fields
generate the curvature term for the gravitational field.
It is noted that this theory is invariant under the ‘dis-
crete diffeomorphism’ where each vertex is transformed
as xµi → x˜µi and the interior of each simplex s is trans-
formed as xµ → x˜µ = (Ls)µνxν + Aµs with (Ls)µν and Aµs
being uniquely determined from the condition that x˜ co-
incide with x˜i at vertices. Under this transformation, the
Es, Gs, Hs and vs transform as
Es,µa → (L−1s )λµE˜s,λa,
Gs,µν → (L−1s )λµ(L−1s )σν G˜s,λσ,
Hs,µν → (L−1s )λµ(L−1s )σν H˜s,λσ,
vs → (detLs)vs. (7)
This diffeomorphism invariance is crucial in obtaining
fully covariant theory in the low energy limit.
Now we examine the long distance physics of the theory
(6). By the ‘long distance’ we imply a distance scale
in the coordinate space which is much larger than the
typical ‘lattice scale’ ∆x = |xi+1 − xi|. Note that this
is a concept which is independent of coordinate choice.








































+ · · ·
]
, (8)
where R is the Ricci scalar, κr, the dimensionless gravita-
tional coupling constant which has been renormalized to
a non-zero value. The cosmological constant and other
coupling constants are also renormalized. Other terms
which have higher scaling dimensions are also generated
which are denoted as dots in Eq. (8). Note that only the
diffeomorphism invariant terms are generated because of
the exact discrete diffeomorphism symmetry given by Eq.
(7). Once the gravitational coupling is renormalized to
a finite value, the theory will keep flow toward the de-
coupled theory. Because of the irrelevancy of the grav-
itational coupling, non-perturbative effects may not be
important at low energy and the weakly coupled gravi-
tational theory is likely to be stabilized at least in the
large N limit where N is the number of the boson fields.
Here we do not consider the phase which is analogous to
the confinement phase in a gauge theory which arises as
a result of non-perturbative effects.
A modification of the function f(x) in Eq. (3) would
have modified the effective action. However,the effective
action will have the same form as Eq. (8) and only the
values of coupling constants can be modified because of
the general covariance. The reason why the general co-
variance is robust against the perturbation of f(x) is as
follows. Our action depends only on the geometry in
the target space and the choice of coordinate system is
our convention. Since there is no preferred coordinate
system, the theory should have the same form in any
coordinate system.
We examine the possible phase diagram as we tune α
with fixed β, γ > 0. If αr > 0, the scalar fields have
the usual kinetic energy term and they fluctuate in a
small region of the target space. In the target space,
the positive αr corresponds to the positive renormalized
tension of the membrane and the size of membrane re-
mains finite in the target space. In this phase, N massless
bosons are coupled with massless gravitons. For generic
Λr, the saddle point configuration of the metric is not flat.
Nonetheless, there will be two graviton modes propagat-
ing in the curved background if the curvature is small
compared to the lattice scale, that is, κr << 1. To
achieve this, a fine tuning of microscopic parameters (α,
β, ...) may be necessary, which corresponds to the cosmo-
logical constant problem. This phase is a ‘gravitational
Coulomb phase’ which is analogous to the Coulomb (de-
confinement) phase in gauge theory where massless pho-
ton occurs as a low energy excitation. How do we get
two gravitons out of the 16 auxiliary fields? First, 6 of
the 16 modes are pure gauge degrees of freedom associ-
ated with the local Lorentz transformation of the verbein,
Es → EsOs with Os, an orthonormal matrix. Among
the 10 remaining metric degrees of freedom, only two of
them acquires dynamics to become propagating modes
4due to the diffeomorphism symmetry. This is similar to
the mechanism how 2 transverse photon modes arise out
of the 4 auxiliary fields in the Coulomb phase of the slave-
particle gauge theory.
If αr < 0 the sign of the kinetic energy of the scalar
field becomes negative and the action is minimized when
∂φA
∂xµ 6= 0. In the membrane picture, this corresponds to
a negative tension. Every simplex occupies a finite vol-
ume and the gross size of the membrane diverges in the
target space. The shape of the extended membrane will
be determined by the details of the microscopic model.
Here we consider the simplest case where the extended
membrane is flat in the target space and the direction of
the membrane is determined by a spontaneous symme-
try breaking. Suppose that the membrane is extended
in the {φ1, φ2, φ3, φ4} directions. We can use the ex-
tended direction in the target space as our natural refer-
ence frame and choose our new coordinate system such
that xµ = φµ with µ = 1, 2, 3, 4. The fluctuations of
δφA with A = 1, 2, 3, 4 can be absorbed into the lon-
gitudinal modes of the gravitational field. As a result,
the gravitational field has 6 propagating modes, that is,
2+3 gravitons (traceless part) and 1 dilaton (trace part).
Once we choose our coordinate system with the reference
to the physical object, there occur terms which ‘breaks’









The linear term will disappear after the metric field ad-
just itself to a new minimum and renormalize the cosmo-
logical constant. The quadratic terms will survive and
give rise to masses of the gravitons and dilaton. In this
phase, there exist only (N − 4) massless bosons at low
energy which correspond to the transverse fluctuations of
membrane. The absence of the in-plane goldstone modes
suggests that the translational symmetry is not broken
within the membrane in this phase. This is a gravita-
tional analogue of the Higgs phase[28]. Here 4 matter
fields are eaten up by the massive gravitational field. The
schematic phase diagram is shown in Fig. 2.
Finally, two comments are in order. Firstly, the Wein-
berg and Witten’s theorem[29] excludes the emergence of
general relativity from theories which have Lorentz co-
variant energy-momentum tensor. However this theorem
does not apply to the present theory because it has the
general covariance and there is no conserved covariant
energy-momentum tensor. Secondly, the present theory
shares a common feature with the induced gravity[13]
in the sense that the gravitational field acquires dynam-
ics solely from the quantum fluctuations of matter fields.
The difference is that the gravitational field is a micro-
scopically well defined quantum degree of freedom in the
present theory while it is treated as a classical back-
ground in the induced gravity.
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FIG. 2:
FIGURE CAPTIONS
Fig. 1 (color online) Coordinate space and target space in
2D. xµi is a mapping from the lattice to the coordi-
nate space and φAi , a mapping from the lattice to
the target space. φA(x) is constructed by linearly
interpolating the values of φAi to the interior of each
simplex.
Fig. 2 Schematic phase diagram. In the ‘gravitational
Higgs phase’ (α < αc), the membranes are ex-
tended in the target space and there are (N − 4)
massless modes which correspond to the transverse
fluctuations of the membrane. In the ‘gravitational
Coulomb phase’ (α > αc), the membrane fluctu-
ates in a small region of the target space and there
are N massless bosons and 2 massless gravitons.
